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INFRARED ASYMPTOTICS AND DAYSON-SCHWINGER EQUATIONS
FOR THE GAUGE-{NVARIANT SPINOR GREEN FUNCTION
IN QUANTUM ELECTRODYNAMICS

*
N.B.Skachkov, I.L.Solovtsov, 0.Yu.Shevchenko

The Dayson—-Schwinger equations for the gauge-in-
variant {G.I.) spinor Green function are derived for
an Abelian case. On the basis of these equations as
well as the functional integration method the beha-
viour of the G.I. spinor propagator is studied in
the infrared region. It is shown that the G.I. pro-
pagator has a singularity of a simple pole in this
region.

The investigation has been performed at the Labo-
ratory of Theoretical Physics, JINR.

UHdpakpacHana acumnToTuka u ypasHeHua [JahcoHa-llBuHrepa
AnA KanubpoBOUHO-UHBAPUAHTHOW CNUHOPHON GyHKUMM [ puHa
8 KBAQHTOBOM 3MeKTpofguHaMmKke

H.B.CxauxoB, H.Jl.ConoBuos, 0.10.lleBuenko

llonyuenn ypaBHeHHus [laiicoHa-llBuHrepa njsa xamuGpo-—
BOYHO—HHBAPHAHTHOH CitTHHOpHOHM ¢vyHKuuH ['puHa B abene-—
BoM cuayuyae. lla:ocHoBe 3TuX ypaBHeHHIl, 4 TaKxe C NO—
Momb0 GYHKIIHOHAJIPHAEIX METOOOE H3y4YaeTCA NnoBeJgeHHe Ka-—
NH6pOBOYHO~HHBAPHAHTHOr 0 CNHHOPHOI'O mpomnararopa
B uHbpakpacHON obGnactu. [lokasaHO, YTO BBeOEeHHLI TaKuM
ofpa3oM mponaraTop HMeeT B 3ToHM ofjacTH 0cOBeHHOCTH
B BHZEe TIPOCTOT'O nomoca.

Pa6ora sBbmosiHeHa B Jla6opaTOpHH TeopeTHYeCcKo# ¢u—
suku OWIH.

During the last few years there appeared a lot of pa-
pers where the behaviour of the Green functions in the
infrared region was studied (see for instance’1'®/ and

. references therein). The interest in this problem stems
from a widely discussed possibility of the relation of
the infrared asymptotics of the QCD Green functions with
the problem of quark confinement.

In this article we shall study the infrared behaviour
on the basis of the gauge-invariant (G.I.) variables
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which have been introduced in our previous papersfa/.We

shall start with the definition of the G.I. Green func-
tion

y - .
G(x, ¥)= 1<0| Ty @Poxplig [a£ A €)1 ) [0>. o
X

Our first aim is to find what form would take an analog
of the Dayson-Schwinger equation for (1).
Pr%viously the propagator (1) was considered in pa-
pers for the purpose of a gauge—-invariant definition
of quark mass and studied in’® in the framework of exact-
ly solvable Schwinger and Bloch—-Nordsick models. This
function was also considered in’® and calculated to the
second order of perturbation theory in the massless case’?/
As for the integration contour in the P-ordered ex-
ponent in (1) we choose a piece of the straight line that
connects the points X and y (see’4"7), By applying the
well-known method of derivation of the Schwinger equation
in terms of functional derivatives for the gauge-depen-
dent spinor propagator’zf we find that the G.I. equa-
tion for the propagator, (1) in the presence of the vector
source JF has the form

¥
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~igl—— fd&u (M) -mlG(x,y|J)=- 8(x - y).

ax# x v .
The second equation has the standard form
u, ) = fdzD::V (x.2)13" @) + igSp(y"G(z, z/3) 1. (3)

o . .
where D,,, is the vector field propagator.
It can be shown that the Dayson equation for the G.I.
Green function (1) has the form

i -m+gB&|y)G(x,y|u)~ [dy' MK,y 0)GE", y|u)=-5(x-y),

(4)
where B(x|y}) is the G.I. vector field defined by the for-
mula

d
axh

y v
fa& u (&) (5)

Bﬂ(xly)::u“(x) +

and MX,yju) is the G.I. mass operator defined as follows

* ]
Our notations coincides with this of/zﬁ
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v,
M(x,y|u) =igy " fdy <0 Ty myexplig [d&'A, (&)] x
X

_ -1 (6)
x t/l(y’)B,l ®jy")0>G (v, y|uw).

In order to find the asymptotics of the Green function
(1) in the infrared region we shall make use of Eq.(2) and
apply the method suggested in”3/ With our choice of the
integration contour we pass to the functional variable u,
and putting ¥ = O find from {2) the equation

~ v 1 ~
Wy 12 (6,0 - Lox"Tas g (s0)) -

ET ax' o
g v ! )
—-ig(u (@) —~(— x fdsu (sx))] -miG(x|u) = -6(x),
4 axﬂ 0
where ¢ (%) = [dyD (X - y) O |
u v su_ ()

Now we shall pass to the momentum representation and
consider the expression

d)“ (plu)= fdxeipx [q‘:# x) - ajﬂ x” fds q{v(sx)] G(x ju) . (8)
Expression (8) can be rewritten in another form (we
shall denqte the Fourier transform of ¢# (x) as d:u(k))
® (p|u)=r1dsf k(¢ (K)G(p-k|u)+k 7% ®)
K 0 ( 47 [

2m v

G -skjwl. (9)

In accordance with’3’ one can neglect the dependence
of G(p-kju) and G(p-skju) in (9) on the value of k. In
this case the integrand in (9) becomes a 4-divergence of
k ¢,(k) and therefore we find in the infrared limit that
d;‘# (piu) = 0.

In the analogous way it can be shown that in the in-
frared limit

. 1
fdxe‘p‘[u#(x)— 0# x" (dsuv(sx)l G(xju) = 0, (10)
ox 0

Thus the G.I. Green function G(p) in the region p2=m?
obeys the equation (p-m) G(p) = -1 and therefore in infrared
limit it has a singularity of a simple pole

2
G(p) = —ms as p = m> an
m-p
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Supposing that the counterterms for the renormaliza=-
tion of the G.I. Green function have the same structure
as in the case of the renormalization of the S -matrix,
we find that the renormalized function G’(p) in the infra-
red limit has a simple pole G'(p)::z'?:‘:/(m—p) as well.

Let us study the infrared asymptotics of /SI/) on the ba-
sis of the method of functional integration ~'- After the
integration over the fermion fields we shall represent the
vector fields A# '

G(x. y) - fDIA det{ig J:gA -m] =exp{iSO[A]}x
det{id — m]}.

< G(x,y|Aexplig IydfﬂA#(f)];

where S,{A] is a free action of the vector field and G(x,y|A)
is the Green function of the fermion in an external field
A . The function G(x,y)A) can be written in the form of
fénctional integral’®

(12)

G(g,y]A) = i[i5x + gg(x) + m] fwds exp[—is(mz—:iO)] X

0
x [DB8(x ~y —=2fsd§B(f))expi—ifsdf[Bz(f)-= - (13)
1] 0
~ -]
—8RB,(£) + gy, (H)id, (E))A# (x —=2gdn B(yNl},

)

with the normalization of the measure DB: [dB exp[—ifd:fBz(f)h

=1, 0
Neglecting the effects of the vacuum polarization in

the infrared limit and the term o in (13) we find for

G(x,y) w

G(x.y)-1i fdsexp[—is(m> - i0)] /DB exp[~i [ d £B°(£)]x
0 0

x[iéx +m + ggK(x, y|B)&(x -y -2 fsdnB(n))x (14)
0 .

xexp[lz. g%® (x, y1B)l,

where
y v s s

K(x,y|B)= fd& ) D,, (x - &) +2fd&y D, [2[dnB(m] B (&),
’ s s ° §2 d v

¢, y{B) =.4({d§1 {)dng#(fl)DW[z é{ldq B(mIB (£, +
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+ fdg’:dgzow (£,- &) +2l{d§”0fd§B (6D, [f—x+2é_qu(1,)] -

X

S y v ]
+2fAE[dE B (£)D,, [x-2 [dnB(y)-¢£].
0 &

By passing to the momentum representation and perfor-
ming a shift of the functional argument B#(ﬂ)=:P +w, (V),
7=8Vywe find from (14) that # #

oo 1
G(p)=1i fdsexp[is(p2 ~:m 2+ i0)] fDwexp[—-is _[de2 W1 x
0 0

A - . (15
x[p+~m-+g2K(p|m)]expLé-gg@(p[m)]. 1)

In the infrared 1imit~it is possible to neglect the func-—
tional argument o in K(p|lw) and ®(p|w). The functions ﬁ(p[O)
and ®(p|0) are equal to zero as it is easy to see. Then
from (16) we find that G(p) 2 (p+m)| (m2-p?) that completely
agrees with (11).
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